We present the explicit form of the next-to-next-to-leading order (N 2 LO) Skyrme interaction in momentum space by including the fourth-order gradient potentials to the standard Skyrme interaction. With the N 2 LO Skyrme interaction, we evaluate the second-order corrections to the nuclear bulk quantities of nuclear matter: equation of state (EoS) of isospin symmetric and pure neutron matter, density-dependent in-medium effective nucleon mass, isospin-asymmetry energy, pressure and incompressibility. These second-order contributions are ultraviolet (UV) divergent due to the zero range character of the interaction and renormalized using the techniques of dimensional regularization (DR) with the minimal subtraction scheme (MS). We adjust the 18 parameters of the interaction by performing a global fit to the nuclear bulk quantities. Besides the too strong dependence k
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F of several second-order corrections, a very good reproduction of a realistic nuclear matter saturation curve with all the nuclear bulk quantities in the density region 0.12 < ρ < 0.20 fm −3 is obtained.
I. INTRODUCTION
The energy-density-functional (EDF) theory, often referred to as self-consistent mean-field (SCMF) methods, is an effective tool for the microscopic description of medium-and heavy-mass nuclei. These methods provide the lowestorder nuclear binding energies and successfully reproduce the nuclear bulk properties for such nuclei [1] . In the EDF framework, the energy of the system is computed by using functionals of the density which are usually derived from effective interactions [1] [2] [3] . The currently used EDF's are usually produced by phenomenological interactions such as the standard Skyrme [4] [5] [6] and the Gogny interactions [7, 8] . However, these mean-field methods can not well reproduce the spectroscopic factors and the fragmentation of the single-particle states. A possible way to overcome this limitation is to go beyond the mean-field level and consider correlations to better describe nuclear observables, achieve a higher precision and increase the predictive power of such methods in exotic regions of the nuclear chart. In the context of beyond mean-field methods applied to nuclear matter, second-order contributions to the equation of state (EoS) of isospin symmetric nuclear matter with the simplified (t 0 − t 3 ) or leading-order (LO) Skyrme interaction [9, 10] and with the standard Skyrme interaction (or the next-to-leading order (NLO) Skyrme interaction) neglecting both spin-orbit and tensor forces [11] have been carried out. Moreover, second-order corrections to the various nuclear bulk quantities of nuclear matter with the standard Skyrme interaction including its corresponding spin-orbit and tensor forces have been pursued in [12] . The adjustment of the Skyrme parameters in [9] [10] [11] has been performed in such a way the constraints were imposed only on the EoS of isospin symmetric nuclear matter and/or that of pure neutron matter. However, no constraints have been imposed on other bulk quantities such as the incompressibility, effective mass and isospin-asymmetry energy that are very important ingredients to reproduce a reasonable EoS curve. Moreover, it has been concluded in [12] that a good reproduction of the realistic nuclear matter saturation curve cannot be obtained upon readjusting the parameters of the standard Skyrme interaction because of the too strong density-dependence k 8 F of several second-order contributions and that the adjustment procedure should include all possible constraints on the bulk quantities of nuclear matter. The standard Skyrme interaction is a set of contact interactions with 11 parameters fitted to reproduce properties of infinite nuclear matter and some selected nuclei [13] . However, this interaction is not able to reproduce the correct isovector splitting of the effective mass of Brueckner-Bethe-Goldstone results [14, 15] and the high density behaviour of nuclear matter. Moreover, there are some nuclear properties which cannot correctly be reproduced with the standard Skyrme terms, especially as one moves away from the valley of β-stability [16] . Different strategies have been employed to overcome these difficulties by either adding extra density dependencies on the velocity dependent terms [17, 18] or by including higher order derivative terms [19] . Intense work is currently being devoted to improve the existing Skyrme parametrizations, in particular considering additional terms to the standard Skyrme functionals [19] [20] [21] [22] [23] [24] . Davesne et al. [20, 21] have considered the Skyrme pseudo-potentials by adding the fourth-and sixth-order gradient terms to the standard Skyrme interaction. With such terms, the spin/isospin decomposition of an equation of state obtained from ab-initio methods is fairly reproduced and a more precise description of the high-density region is obtained. Moreover, the higher-order derivative terms have been shown to have a stronger influence on the high density part with a negligible modification to the low density part. Our objective is to go beyond the standard Skyrme interaction by including all fourth-gradient potentials. This extended interaction, that describes the two-nucleon system at next-to-next-to-leading order (N 2 LO) in pionless chiral effective field theory [25] , is a set of contact forces (s−,p−, and d−waves) of 24 parameters consisting of zero, two and four gradient potentials as well as spin-orbit and tensor terms. The study of the N 2 LO tensor forces (with 4 parameters) is devoted for a future work. The remaining 18 parameters of the N 2 LO Skyrme interaction are determined by readjusting them in such a way the EoS saturation curve is well reproduced. In this article, we go beyond the mean-field level and consider second order diagrams (2p-2h excitations). We derive analytically the second-order corrections to the various nuclear bulk properties: the EoS of isospin symmetric and pure neutron matter, effective mass, isospin-asymmetry energy, pressure and incompressibility using the N 2 LO Skyrme interaction. We adjust the Skyrme parameters so that a good reproduction of the EoS curve is obtained with reasonable values of the bulk quantities at saturation. However, since the N 2 LO Skyrme interaction is of zero range, UV divergences occur at second order in many-body perturbation theory. To remove the UV divergences, renormalization methods such as momentum cutoff (MC) or dimensional regularization (DR) with the minimal subtraction scheme (MS) are used. The UV divergent terms for the EoS of isospin symmetric matter at second order are proportional to Λ 1,3 k 9 F and Λ k
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F if a MC scheme is used. These terms cannot be renormalized since they cannot be absorbed by a redefinition of the existing Skyrme parameters. In this work, we use DR/MS since it sets all power divergent integrals to zero, and therefore all second-order corrections to bulk quantities in nuclear matter are hence renormalized . The article is organized as follows. In section 2, the standard Skyrme interaction is introduced as a zero-range contact interaction limited to second order in gradient terms (∼ ∇ 2 ). Next, the N 2 LO Skyrme interaction is introduced in momentum space as a Galilei-and time-reversal-invariant two-nucleon interaction expanded in gradient terms up to fourth order (∼ ∇ 4 ). Beyond the standard Skyrme interaction, the N 2 LO Skyrme interaction consists of fourth-gradient velocity-dependent and spin-orbit potentials that simulate finite-range effects. In refs. [20, 21] , the explicit form of the N 2 LO effective pseudo-potential is constructed given that it should be compatible with all required symmetries, and especially with gauge invariance. Based on this constraint, the spin-orbit contributions have been discarded at N 2 LO since such contributions do not fulfil gauge invariance. However, this invariance is not explicitly required from basic principles as mentioned in [20, 21] , so the N 2 LO Skyrme interaction presented in this article is not constrained to be gauge invariant. In section 3, the first-order (Hartree-Fock) contributions to the nuclear bulk quantities, EoS of isospin symmetric nuclear matter and pure neutron matter, effective mass, isospin asymmetry energy and the incompressibility, are evaluated and their analytical expressions are verified to be in agreement with those derived in ref. [22] . It is found that these first-order corrections can be written as a polynomial of odd power of the Fermi momentum k F multiplied with products of Skyrme parameters and that the spin-orbit (non-gauge invariant) terms do not contribute to the various bulk quantities at first order. Section 4 is devoted to the analytical calculations of the second-order corrections in many-body perturbation theory to the various nuclear bulk quantities. Due to the zero range character of the N 2 LO Skyrme interaction, these manybody quantities are UV divergent at second order. The divergences appear only in the second-order diagrams in which the momentum transfer q (between the incoming and scattered particles) is not constrained and can take any non-negative value. The divergent integrals are treated by using the techniques of dimensional regularization with the minimal subtraction scheme (DR/MS) and thus vanish identically. The finite parts of the second-order contributions arise entirely from integrals evaluated over three Fermi spheres. It is found that the second-order corrections to the various nuclear bulk quantities can be written as a polynomial of even powers of the Fermi momentum k F multiplied with some functions that depend on products of Skyrme parameters. Unlike the first-order contributions, it is found that the non-gauge invariant terms do contribute to the various nuclear bulk quantities at second order. Therefore, one cannot discard such terms at second order in perturbation theory. Section 5 is devoted to the adjustments of Skyrme parameters where the EoS curve provided by the phenomenological SLy5-interaction [13] is taken as a benchmark. Single adjustments of parameters are performed so that the EoS of pure neutron matter and isospin symmetric nuclear matter are reproduced. It is found that although a very good reproduction of the EoS of isospin symmetric matter is obtained, the other bulk quantities such as the effective mass and the isospin-asymmetry energy take unreasonable values. Next, all nuclear bulk quantities are included in the fitting procedure. It is found that one can obtain a very good reproduction of the realistic nuclear matter saturation curve in the density region 0.12 fm −3 < ρ < 0.20 fm −3 . We draw conclusions in section 6. The analytical expressions for the various nuclear bulk quantities are given in the appendix.
II. N 2 LO SKYRME INTERACTION
We start by writing the transition matrix-elements of the standard Skyrme interaction in momentum-space with zero-and two-derivative contact forces [4] [5] [6] :
In this notation, the subscript Sk2 denotes the Skyrme interaction expanded up to second order in momenta, σ 1,2 are Pauli spin-matrices,
denote the relative momentum between two nucleons; k ( k ′ ) acts on the wave function to its right (left). The Skyrme parameters t 0 , t 1 , t 2 , x 0 , x 1 , x 2 and W 0 are to be determined by a fitting procedure. The standard Skyrme interaction in eq. (1) consists of a central s−wave contact potential (t 0 ), non-local s-wave effective range and p-wave contact potentials (t 1 ) and (t 2 ) respectively, and a contact spin-orbit potential (W 0 ). There are other terms with in the standard Skyrme interaction [12] : the tensor terms (t 4 ) and (t 5 ) that have been neglected for the sake of simplicity and the density-dependent Skyrme term t 3 (1 + x 3 P σ ) ρ α /6 that can be included in eq. (1) through the substitution of parameters:
Such density-dependent term that comes out from a contact three body force [6] leads to serious problems in the calculation of many-body nuclear bulk quantities and makes conflict with the Hugenholtz-Van-Howe theorem [26] because derivatives with respect to the density ρ are involved.
The next-to-next-to-leading order (N 2 LO) Skyrme interaction in momentum space is a set of two-body contact interactions with zero-, two-and four-derivative potentials. It can be written as the sum of the standard Skyrme interaction V Sk2 ( k, k ′ ) and a set of all possible fourth-derivative terms represented by V Sk4 ( k, k ′ ):
where the fourth-derivative potentials V Sk4 ( k, k ′ ) may be written as:
The subscript Sk4 denotes the fourth-order derivative terms in the Skyrme interaction. The individual terms in eq. (4) stand for: s−wave (t 6 ), p− wave (t 8 , t 10 ), d− wave (t 11 ), and mixed s − d waves (t 7 , t 9 , t 12 ) contact interactions. Moreover, the first three terms (t 6 , t 7 and t 8 ) represent higher-order velocity-dependent potentials as they come out from products of scalar bilinear function of momenta F k
four terms (t 9 , t 10 , t 11 and t 12 ) are higher-order spin-orbit interactions [20, 27] . The potentials proportional to t 9
and t 12 arise from products of scalar bilinear function of momenta
The other potentials t 10 and t 11 arise from products of the LO spin-orbit potential (from the standard Skyrme interaction) with the scalar bilinear function H:
Three important remarks are to be considered concerning the form of the N 2 LO Skyrme interaction. In eq. (4), the
and k ′ · k 2 appear with different weights proportional to the Skyrme parameters t 6 and t 7 . However, these bilinear expressions appear with weights 1 : 4 in [20] because the parameters t 6 and t 7 were chosen to be linearly dependent: t 7 = 4t 6 and x 7 = x 6 . This linear dependence arises from the fact that the authors have constructed the fourth-derivative contact interactions in such a way their contributions to the EoS and Landau parameters of isospin symmetric nuclear matter take the same form as those derived from the standard Skyrme interaction. Moreover, the higher-order spin-orbit contributions are absent in the pseudo Skyrme interaction in [20] because such terms are not gauge invariant and do not contribute to the first-order corrections to the various nuclear bulk quantities. However, gauge invariance is not explicitly required from basic principles as mentioned in [20] and such non-gauge invariant terms do contribute at the second-order in perturbation theory [28] and as we shall see in section 4. Therefore, for a general treatment of contact interactions at second-order, it is necessary to consider all fourth-derivative terms as in eq. (4). Furthermore, Skyrme [5] suggested the addition of a d−wave term 1 to the standard Skyrme interaction of the form:
However, by inspecting eq. (4), it is easy to see that the terms k ′ 2 k 2 and k ′ · k 2 appear in the bilinear expressions proportional to t 6 and t 7 with different weights in contrary to the equal and opposite weights proposed in [5] . The inclusion of N 2 LO tensor forces and density-dependent terms are devoted for a future work [29] .
III. NUCLEAR BULK QUANTITIES AT FIRST ORDER
In many-body perturbation theory, the first-order contributions to the EoS of isospin symmetric nuclear matter can be written as [28] :
whereV = (1 − P σ P τ P M ) V denotes the antisymmetrized interaction, k F is the Fermi momentum related to the total nucleon density via k 3 F = 3π 2 ρ/2 and the product of step functions account for the presence of the filled Fermi sea.
After summing over the spin and isospin states and integrating over two Fermi spheres, the EoS of isospin symmetric nuclear matter at first order E (1) reads:
An important observation is that the terms proportional to t 6 , t 7 and t 8 are reproduced as done in [20] . Moreover, the non-gauge invariant potentials do not contribute at first-order since the cross product k ′ ∧ k vanishes at first order.
Furthermore, eq. (6) involves the same parameter combinations for t 8 (x 8 ) and t 2 (x 2 ) and if t 7 = 4t 6 and x 7 = x 6 as done in [20] , the parameter combinations for t 1 (x 1 ) and t 6 (x 6 ) become similar.
In the same way, the EoS of pure neutron matter at first order comes out as:
with k n the neutron Fermi momentum related to the neutron density by ρ n = k 3 n /3π 2 . The density-dependent isospin asymmetry A(k F ) of nuclear matter is defined as the second-derivative of the EoS of isospin-asymmetric energy evaluated at δ = 0:
where the isospin-asymmetry parameter δ is defined as:
F . δ = 0 corresponds to isospin symmetric nuclear matter, while δ = 1 corresponds to pure neutron matter. The first-order contribution to A(k F ) is given by:
(9) Another important property for nuclear matter is the density-dependent in-medium effective nucleon mass M * (k F ). By adding a test-particle with momentum p to the filled Fermi sea, via the substitution [28, 30] :
with η an infinitesimal parameter, the interacting energy per particle E(k F ) changes in linear order of η as:
where U (p, k F ) denotes the complex-valued single-particle potential. The slope of the real part of the single-particle potential ℜ [U (p, k F )] at the Fermi surface p = k F determines the density-dependent effective mass M * (k F ) of the quasi-particle excitations at the Fermi surface. The corresponding relation for the effective mass M * (k F ) reads:
and M the free nucleon mass. The first-order contribution to R(k F ) reads:
It is clear from eqs. (6, 7, 9, 13 ) that the powers of k F are odd because the Skyrme interaction comes out in even power of k or k ′ and first-order diagrams (divided by the total density ρ) contribute by k 3 F . Moreover, by taking t 7 = 4t 6 , x 7 = x 6 and t i = x i = 0 (for i = 9, 10, 11 and 12), it is easy to reproduce the first-order contributions derived in [20] . Furthermore, the non-gauge invariant terms t 9 , t 10 , t 11 and t 12 do not contribute to the various nuclear bulk quantities at first order. However, they do contribute at second order as we shall see in the next section.
IV. NUCLEAR BULK QUANTITIES AT SECOND ORDER
In this section, we derive the analytical expressions ∆F (2) for the second-order contributions to the nuclear bulk quantity F from the N 2 LO Skyrme interaction defined in eq. (3). Since second-order corrections are proportional to the interaction squared, we write:
The first term |V Sk2 | 2 corresponds to the second-order contributions ∆F (2) Sk2 derived from the standard Skyrme interaction and their analytical expressions have been computed in ref. [12] and shown in the appendix. The other term
Sk4 V Sk2 corresponds to the second-order contributions ∆F (2) Sk4 derived from the interaction V Sk4 and from the interference terms between V Sk2 and V Sk4 . In terms of equations, the second-order contributions ∆F (2) to the nuclear bulk quantity F derived from the N 2 LO Skyrme interaction can be written as:
Sk4 .
Therefore, the total contribution to a given bulk quantity F at second order can be written as:
We start with the EoS of isospin symmetric nuclear matter. At second order in perturbation theory, its expression is given by:
In eq. (16), the terms in the denominator represent the kinetic energies of the nucleons:
where M is the free nucleonic mass. The first two step functions Θ(k F − |k 1,2 |) constrain k 1 and k 2 to lie inside the Fermi sphere and the other two step functions Θ(| k 1,2 ± q| − k F ) can be decomposed into three parts as done in [28] :
It is worth to mention that the first term in eq. (17) corresponds to the vacuum contribution (or two-medium insertions) to the EoS because it gives no constraints on the relative momentum q. In this case, the corresponding second-order contributions are UV divergent due to the zero range character of the interaction in eq. (3). After performing the angular integrations, one gets power divergent integrals of the form
In the cutoff regularization, these divergences are proportional to odd powers of the cutoff Λ and the Fermi momentum k F :
In eq. (18), the first two k F -dependence could be absorbed into the coupling constants t 0 , t 1 and t 2 while the third one could be absorbed into the coupling constants t 6 , t 7 and t 8 . It is, however, not possible to absorb the last two divergent terms into the existing coupling constants because there are no mean-field contributions proportional to k 9 F and k
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F . Thus to renormalize such terms, it is required to introduce a sixth-derivative two-body contact-interaction (or a four-body contact interaction) and an eighth-derivative two-body contact interaction respectively. However, the inclusion of such terms are problematic since their second-order contributions to the EoS of isospin symmetric nuclear matter give divergent terms that could be renormalized by adding higher-order derivative terms and thus making the renormalization procedure uncontrolled. This issue reflects a problem of perturbativity of the Skyrme interaction in nuclear matter 2 . However, using the techniques of dimensional regularization (DR) with the minimal subtraction scheme (MS), all power divergent terms are automatically set to zero and consequently all terms in eq. (18) vanish. In eq. (17), the second and third terms give rise to medium effects and are called the three-medium and fourmedium insertions respectively. Note that the four-medium insertion contribution to the EoS vanishes identically after performing suitable change of variables. Therefore the only finite contributions to the EoS of isospin symmetric nuclear matter comes from the three-medium insertions. After summing over the spin and isospin states and evaluating the integrals over three Fermi spheres, it is straight forward to write the second-order contributions to the EoS of isospin symmetric nuclear matter ∆E (2) Sk4 (k F ) using DR/MS as:
In eq. (19), the quantities e is correspond to the finite part of the EoS of isospin symmetric nuclear matter. e 1s represent all the second-order contributions due to V 2 Sk4 only, whereas e 2s represent the contributions that arise from the product of V Sk4 with the t 1 , t 2 and W 0 terms of the standard Skyrme interaction. Finally, e 3s represent the contributions that arise from products of V Sk4 with the t 0 term of V Sk2 . The analytical expressions of e is are found in the Appendix. It is to be noted that e is depend on the products of Skyrme parameters and numerical coefficients of the form ln 2 + a i , where a i is some rational number. Moreover, the potentials in eq. (3) proportional to t 9 , t 10 , t 11 and t 12 do contribute at the second-order. As a side remark in the expressions of e is , the s−(or d−) and p−wave contact-interactions do not interfere in the EoS of isospin symmetric nuclear matter as shown in [12] . The analytical expressions for the pressure P (k F ) and the incompressibility K(k F ) can be derived from the expression of the EoS of isospin symmetric nuclear matter via:
In the same way, but leaving out the isospin trace, one arrives at the EoS of pure neutron matter:
where e in are the finite parts of the EoS of pure neutron matter. The second-order contribution to the isospin asymmetry energy A(k F ) is calculated by evaluating the second derivatives with respect to isospin parameter δ at δ = 0 of the EoS for isospin asymmetric nuclear matter. Its complete expression is given by:
where a i are the finite parts of A(k F ) (2) . To calculate the second-order contributions of the effective mass M * (k F ), the second-order interacting energy per particle in eq. (16) is expanded to linear order of η. The complex-valued single-particle potential at second order becomes proportional to the product of three steps functions and the external momenta k 1 and k 2 are not constrained to lie only inside a Fermi sphere of radius k F . The second-order contribution to the effective mass is given by:
where the expressions for r i are found in the appendix. It is clear from eqs. (19, 21, 22, 23) that the powers of k F are even due to the fact that the Skyrme interaction comes out in even powers of k or k ′ and that the second-order energy per particle contributes by k 4 F . Unlike the first-order contributions, all Skyrme parameters contribute to the various nuclear bulk quantities at second order.
V. PROVISIONAL FITS
In this section, we perform adjustments of the 18 parameters of the Skyrme interaction in order to improve the nuclear bulk quantities of the EoS after the inclusion of second-order contributions from the N 2 LO Skyrme interaction. We choose 18 equidistant reference points for densities ranging from 0.12 fm −3 to 0.200 fm −3 and two additional points located near the saturation density: 0.159 and 0.161 fm −3 . The nuclear bulk quantities of the EoS provided by the phenomenological SLy5-interaction [13] are taken as a benchmark 3 . We use the χ 2 minimization with the following definition:
where N is the number of fitted points and the errors ∆Q i are chosen equal to 1% of the reference quantities Q i,ref .
First of all, we adjust the parameters of the N 2 LO Skyrme interaction in order to have a reasonable EoS of pure neutron matter. The refitted parameters are listed in Table I (Fit1). In Fig. 1 , we show the refitted EoS compared with the SLy5 mean-field EoS of pure neutron matter. In Fig. 2 , the difference between the refitted second-order curve and the SLy5-mean-field curve for pure neutron matter is plotted as function of the density ρ, showing a maximum deviation of order 10 −3 . The quality of the fit is very good since the χ 2 value is extremely small and equal to 0.000349.
Next, we adjust the parameters of the N 2 LO Skyrme interaction in order to have a reasonable EoS of isospin symmetric nuclear matter. Fig. 3 , shows the refitted EoS compared with the SLy5 mean-field EoS of isospin symmetric nuclear matter and Fig. 4 presents the difference between the refitted second-order curve and the SLy5-mean-field curve for isospin symmetric nuclear matter showing a deviation around the saturation density ρ 0 = 0.160 fm −3 of order 10 −2 . The refitted parameters (Fit2) and the value of χ 2 are listed in Table I . The quality of the fit looks very good as indicated by the value of χ 2 = 0.0122. From table II, we note that the density and the energy per particle at saturation take reasonable values, however, the incompressibility modulus at saturation is equal to 196.036 MeV which is low compared to the SLy5 value: 229 MeV. Moreover, the isospin asymmetry energy at saturation is equal to 84.57 MeV which is far from 32 MeV and the effective mass at saturation takes negative value which is absolutely unreasonable. Although the quality of the fit is considered as remarkably good, the unrealistically negative value of effective nucleon mass and the large value of the isospin asymmetry energy display a serious problem. Therefore, the effective mass, the incompressibility, the isospin-asymmetry energy at saturation and the EoS of pure neutron matter should be constrained in the fitting procedure. Next, we include in the adjustment of parameters the EoS of isospin symmetric nuclear matter and that of pure neutron matter. We use the same definition of χ 2 :
In Fig. 5 , we show the refitted EoS of isospin symmetric nuclear matter compared with the SLy5 mean-field EoS. In Fig. 6 , the difference between the refitted second-order curve and the SLy5-mean-field curve is plotted as function of the total density ρ showing a small deviation of the energy per particle around the saturation density ρ 0 = 0.160 fm −3 (∼ 10 −2 ). In Fig. 7 , the refitted EoS of pure neutron matter is compared with the SLy5 mean-field EoS at different neutron densities ρ. In Fig. 8 , the deviation of the refitted second-order curve from the SLy5-mean-field curve is plotted as function of the density ρ showing a deviation of order 10 −1 . In Table I , we list the values of the refitted parameters (Fit3) together with the value of χ 2 = 0.353 that show a good quality of the fit. From Table II , we note that the density, energy per particle and the incompressibility at saturation take reasonable values whereas the other bulk quantities: the effective mass and the isospin asymmetry energy take very unreasonable values. Next, we include in the adjustment of parameters the following nuclear bulk quantities: the saturation density ρ 0 , the incompressibility modulus K ∞ (ρ 0 ), the isospin asymmetry energy A(ρ 0 ), the effective mass m * /m(ρ 0 ) and the EoS of isospin symmetric nuclear matter. In this case, the total χ 2 is given by:
where the five terms in eq. (26) represent the chi-squared deviations of the: EoS of isospin symmetric matter, saturation density, incompressibility, isospin asymmetry energy, and nucleon effective mass respectively from their corresponding SLy5 values. In Fig. 9 , we show the refitted EoS of isospin symmetric nuclear matter compared with the SLy5 meanfield EoS. The values of the refitted parameters (Fit4) and the value of χ 2 are reported in Table I . The difference between the refitted second-order curve and the SLy5-mean-field curve for isospin symmetric nuclear matter is plotted as function of the total density ρ in Fig. 10 . The deviation of the energy per particle around the saturation density ρ 0 = 0.160 fm −3 is of order 10 −2 and the value of χ 2 = 0.271 show a good quality of the fit. Moreover, we note from Table II that the other adjusted bulk quantities are very well reproduced as they take reasonable values. Therefore a very good reproduction of the realistic nuclear matter saturation curve is obtained for densities ranging from 0.12 to 0.2 fm −3 with a very good quality of the fit. Finally, we include on top of the previous fit the EoS of pure neutron matter. Now, the total χ 2 is given by:
In Figs. 11 and 13 , we show respectively the refitted EoS of isospin symmetric nuclear matter and pure neutron matter compared with their corresponding SLy5 mean-field EoS. The values of the refitted parameters (Fit5) and the value of χ 2 are reported in Table I . In Figs. 12 and 14 , we show the difference between the refitted second-order curve and the SLy5-mean-field curve for both isospin symmetric and pure neutron matter. The deviation of the EoS of isospin symmetric matter around the saturation density ρ 0 = 0.160 fm −3 is of order 10 −2 . The value of χ 2 = 1.102 and the values of the other bulk quantities show that a very good reproduction of the realistic nuclear matter saturation curve is be obtained for densities ranging from 0.12 to 0.2 fm −3 .
VI. CONCLUSIONS AND OUTLOOK
In this work, we have considered the N 2 LO Skyrme interaction that is an extension to the standard Skyrme interaction by including all types of fourth-derivative contact potentials without constrainting the interaction to be gauge-invariant since the latter is not explicitly required from basic principles. The N 2 LO Skyrme interaction includes central, non-central and higher-order spin-orbit (non-gauge invariant) contact forces. We have derived analytically the first-order corrections to the nuclear bulk quantities: EoS of isospin symmetric and pure neutron matter, densitydependent effective mass, isospin-asymmetry energy, pressure and incompressibility modulus. Moreover, we have considered the second-order diagrams or the (2p-2h) excitations beyond the mean-field level and derived analytically the expressions for the second-order contributions of the various nuclear bulk quantities using the N 2 LO Skyrme interaction. Due to the zero-range character of the interaction, UV divergences are present in the second-order contributions. In this case, we have used the momentum cutoff (MC) scheme and the techniques of dimensional regularization with the minimal subtraction scheme (DR/MS) to renormalize all divergent integrals. We have seen, in the MC scheme, that some of the divergent terms cannot be renormalized by a redefinition of the existing parameters and hence a problem of perturbativity of the Skyrme interaction arises. On the other hand, DR/MS automatically sets all power divergent integrals to zero and hence all the second-order corrections are renormalized. Moreover, we have found that although the higher-order spin-orbit potential do not contribute at first-order, they do contribute at second order to the various nuclear bulk quantities and therefore such terms are important in the calculation of nuclear many-body quantities. The 18 parameters of the N 2 LO Skyrme interactions are adjusted in such a way the EoS curve is well reproduced. We have performed a global fit that readjusts the various nuclear bulk quantities to specific benchmark chosen to be the SLy5 mean-field EoS curve. We have shown that, besides the too strong density dependence of some second-order contributions, one can obtain a very good reproduction of a realistic nuclear matter saturation curve with all the nuclear bulk quantities in the density region 0.120 < ρ < 0.20 fm −3 . Therefore, from these findings one can conclude that the going beyond the standard Skyrme interaction by including the fourth-derivative contact terms, we are able to reproduce the realistic nuclear matter saturation curve. Work is in progress to include the contributions of the tensor forces, the density-dependent with the rearrangement terms and the calculations of the many-body Landau parameters [29] at N 2 LO. The second-order corrections to the nucleonic effective mass can be written in terms of r i : The second-order corrections to the various nuclear bulk quantities from the standard Skyrme interaction have been evaluated in [12] . We start with the EoS of isospin symmetric nuclear and pure neutron matter: Finally, the second-order correction to the nucleonic effective mass reads: 
